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ABSTRACT: 
The enchanting Dirac fermions in graphene stimulated us to seek for other 
two-dimensional (2D) Dirac materials, and boron monolayers may be a good 
candidate. So far, a number of monolayer boron sheets have been theoretically 
predicted, and three have been experimentally prepared. However, none of them 
possesses Dirac electrons. Herein, by means of density functional theory (DFT) 
computations, we identified a new boron monolayer, namely hr-sB, with two types of 
Dirac fermions coexisting in the sheet: one type is related to Dirac nodal lines 
traversing Brillouin zone (BZ) with velocities approaching 106 m/s, the other is 
related to tilted semi-Dirac cones with strong anisotropy. This newly predicted boron 
monolayer consists of hexagon and rhombus stripes. With an exceptional stability 
comparable to the experimentally achieved boron sheets, it is rather optimistic to 
grow hr-sB on some suitable substrates such as the Ag (111) surface. The unique 
electronic properties induced by special bond characteristics also imply that this boron 
monolayer may be a good superconductor. 
KEYWORDS: Dirac materials, two-dimensional materials, boron monolayer, 
electronic properties, density functional theory 
 
 
 
 Graphical Abstract 
 
 
 
A striped boron sheet (hr-sB) with unique electronic properties: coexisting of Dirac 
nodal lines and tilted semi-Dirac cones. 
Introduction 
Graphene, a monolayer carbon sheet, has been one of the hottest materials in the 
last decade. Possessing massless Dirac fermions is an import reason for graphene’s 
excellent electronic properties.1-6 Besides graphene, Dirac electrons have also been 
found in other monolayer carbon sheets, such as graphyne.7-9 Finding new physical 
phenomena behind Dirac electrons and extending related applications are strongly 
driving our efforts to seek for other two-dimensional (2D) materials with massless 
Dirac fermions. Especially, the Dirac materials with Dirac nodal lines or tilted Dirac 
cones (type-II Dirac cones) have been the new focus of this field.10-14 
As the left neighbor of carbon in the periodic table, boron is possibly the second 
element after carbon that can have multiple 2D allotropes.15-19 So far, a number of 
monolayer boron sheets have been theoretically predicted, such as α-, β-, γ-, and 
δ-type boron sheets.15, 20 The atoms in the sheets appreciate to form triangular or 
hexagonal rings. Therefore, all of these boron sheets can be constructed by inserting 
atoms to honeycomb lattice or removing atoms from triangular lattice.15, 20, 21 A 
parameter, namely hexagonal vacancy density η, has been introduced to describe the 
ratio of hexagon holes to the number of atomic sites in the original triangular lattice 
within one unit cell.15, 22, 23 The electronic properties of the boron sheets are correlated 
to the value of  η.15, 16, 24 Inspiringly, three boron monolayer structures have been 
experimentally achieved. Mannix et al. successfully synthesized the triangular boron 
sheet δ6 (η=0) on silver surfaces under ultrahigh-vacuum conditions,25 while Feng et 
al. demonstrated that β12- (η=1/6) and χ3-sheets (η=1/5) can be grown epitaxially on a 
Ag (111) substrate.26 With the development of fabrication techniques, it is expected 
that more monolayer boron sheets can be realized in the very near future.  
Though boron and carbon are neighbors in the periodic table, their electronic 
properties and bonding characters are thoroughly different. In the 2D carbon sheets, 
carbon atoms usually form sp2 hybridization,27-31 though sp hybridization is also 
possible.7-9, 32 In most cases, pz orbital dominates the electron states on the Fermi level, 
and thus the Dirac electrons around the Fermi level are induced by the interactions of 
pz orbitals.7, 9, 27, 29, 32-35 In contrast, the electron deficient boron tends to form multiple 
center bonds in the 2D boron allotropes, and the pz orbital is not the only dominating 
orbital any more.15, 18, 23, 36 Thus, it is rather hard to form Dirac cones in 2D boron 
monolayers due to complicated bands around the Fermi level. Consequently, Dirac 
electrons have never been found in the monolayer boron sheets up to date, only a few 
multi-layer allotropes or buckled structures functioned by hydrogen (or oxygen) 
atoms possess Dirac cones.37-42 A question arises naturally, is there an experimentally 
feasible monolayer boron sheet with Dirac fermions?  
In this paper, by means of density functional theory (DFT) computations, we 
successfully identified a new boron sheet consisting of hexagon as well as rhombus 
stripes, which has an exceptional stability and unique Dirac fermions. This new boron 
allotrope has a high stability comparable to the experimentally available δ6-, β12- and 
χ3- sheets. Interestingly, Dirac nodal lines and tilted semi-Dirac cones coexist around 
the Fermi level. The two Dirac nodal lines traverse the whole Brillouin zone (BZ), 
and the Dirac points in the nodal lines are crossed by two linear bands, corresponding 
to two one-dimensional (1D) channels in the hexagon and rhombus stripes, 
respectively, while the two tilted semi-Dirac cones are at the sides of the BZ, and are 
featured tilted axis and anisotropic band crossings. Our chemical bonding analyses 
showed that this boron sheet has very special bonding patterns, and a tight-binding 
model well describes different orbital interactions in the structure. Additionally, we 
proposed a possible method to synthesize this new boron monolayer.   
Model and Computational Methods 
Figure 1 presents the optimized structure of our designed boron sheet, which 
features stripes of hexagons and rhombi along x axis, and thus named as hexagon- and 
rhombus-stripe boron (hr-sB). According to the stripes, the boron atoms can be 
divided into two kinds: the Bh atoms in the hexagon stripes and the Br atoms in the 
rhombus stripes. Note that all the Br atoms are four-fold coordinated, while the Bh 
atoms are four-, five- or six-fold coordinated, respectively. This boron allotrope is 
purely planar without any buckling. Its primitive cell is a rectangle including 5 Bh and 
3 Br atoms, respectively (as shown by the dashed lines in Figure 1). The hexagonal 
vacancy density (η=1/5) is the same as that of χ3-sheet.  
 Figure 1. The top and side views of the optimized structure of hr-sB. The boron 
atoms in hexagon and rhombus are denoted as the Bh and Br, and colored as wine and 
blue, respectively. t1 ~ t6 represent the hopping energies between different atoms. The 
unit cell is shown as dashed line.  
All the DFT computations were performed using Vienna ab initio simulation 
program package (VASP).43 The Perdew-Burke-Ernzerhof (PBE) functional was 
employed for the exchange-correlation term according to generalized gradient 
approximation (GGA).44, 45 The projector augmented wave (PAW) method46 was used 
to represent the ion-electron interaction, and the kinetic energy cutoff of 400 eV was 
adopted. The atomic positions were fully optimized by the conjugate gradient method, 
the energy and force convergence criteria were set to be 10-5 eV and 10-3 eV/Å, 
respectively. A vacuum region of 10 Å was added to avoid interaction between 
adjacent images. The BZ was sampled using 13×5×1 Monkhorst-Pack k-points 
meshes.47 The phonon calculations were carried out using the Phonopy package48 with 
the forces calculated by the VASP code. To evaluate the thermal stability, we carried 
out ab initio molecular dynamics (AIMD) simulations with canonical ensemble, for 
which a 3 × 7 supercell containing 168 atoms was used and the AIMD simulations 
were performed with a Nose-Hoover thermostat at 700 and 800 K, respectively. The 
Fermi velocity was calculated with the expression νF=E/hk , where the E/k is the slope 
of linear valence band (VB) or conduction band (CB) and the ħ is the reduced Plank’s 
constant.  
Results and discussions 
Table 1 summarizes the structural parameters and the energetic data of hr-sB, and 
the corresponding properties of the experimentally available δ6-, β12- and χ3- boron 
sheets for comparison. hr-sB is purely planar, and its lattice constants are a = 2.91 Å 
and b = 8.38 Å along the x and y axes, respectively. Its bond lengths vary from 1.61 to 
1.76 Å, closing to those of β12- and χ3- sheets. The same as β12- sheet, hr-sB also has 
the space group of Pmmm.  
  
Table1. The lattice constants, bond lengths, space group, planar or buckling, and 
cohesive energy (Ec) for the experimentally synthesized β12, χ3 and δ6, and the newly 
predicted hr-sB in this work. All results are calculated based on PBE functional.  
Structures 
a 
(Å) 
b 
(Å ) 
Bond lengths  (Å) 
Space 
group 
Planar or 
buckling 
Ec  
(eV/atom) 
δ6 2.87 1.61 1.61-1.89 Pmmn buckling -6.183 
hr-sB* 2.91 8.38 1.61-1.76 Pmmm  planar -6.190 
β12 2.92 5.07 1.65-1.75 Pmmm planar -6.231 
χ3 4.45 4.45 1.62-1.72 Cmmm planar -6.245 
* this work  
The cohesive energy of hr-sB (6.19 eV/atom) is comparable with the 
experimentally available δ6 (6.18 eV/atom), β12 (6.23 eV/atom) and χ3 (6.24 eV/atom) 
boron sheets, thus it has rather high thermodynamic stability. No soft modes were 
found in the computed phonon dispersion (Figure 2a), implying its dynamic stability. 
We also examined its thermal stability by performing AIMD simulations in canonical 
ensemble. After heating up to the targeted temperature 700 K for 20 ps, we did not 
observe any structural decomposition (Figure 2b). However, the structure 
reconstruction occurs at 800 K during the 20 ps simulation. These computational 
results show that the newly predicted hr-sB nanosheet has rather sound 
thermodynamic stability and outstanding dynamic and thermal stabilities, thus are 
highly feasible for experimental realization.   
 
 Figure 2. (a) The phonon dispersion of the hr-sB. Snapshots for the equilibrium 
structures of hr-sB monolayer at the temperatures of (b) 700K, (c) 800K, after 20 ps 
AIMD simulations. 
Interestingly, the band structure of hr-sB exhibits anisotropic electronic 
properties (Figure 3). Along the k path Γ − X, two linear bands (labeled as D1 and D2) 
cross together and form a Dirac point around the Fermi level. The same case occurs 
along M − Y. A closer examination reveals that the linear band-crossing in fact occurs 
along two lines traversing the BZ along ky: one resides around k𝑥𝑥 ≈ 0.25𝜋𝜋 𝑎𝑎⁄ , and the 
other resides around −0.25 𝜋𝜋/𝑎𝑎 because of time reversal or inversion symmetry, as 
shown in Figure 3c. The three-dimensional (3D) band spectrum (Figure 3d) illustrates 
that the nodal line is formed by crossing of two planes. The Dirac fermions transport 
along kx, and the velocities can approach (4.6 ~ 10.2) × 105 m/s.  
 Figure 3. (a) The projected band structures of hr-sB. (b) PDOS for the Bh and Br 
atoms, respectively. (c) A schematic figure of Dirac nodal line in 2D BZ. The color 
bar indicates the energy difference between conduction band and valence band at each 
k points. (d) 3D band structures in the vicinity (labeled as cyan dash line in (c)) of the 
nodal line. (e)-(f) 3D plots of the band structures around the crossing point of bands 
D3 and D4 in (a). 
In contrast, along the k path Χ − Μ, a linear band D3 and a flat band D4 cross at 
the Fermi level (Figure 3a). The electron velocity corresponding to the band D3 is 3.7 
× 105 m/s, while that corresponding to the band D4 is almost zero. To reveal the 
nature of the crossing point, we plotted the 3D band spectra in Figures 3e and 3f. 
Figure 3e shows that it is a distorted Dirac cone having a tilted center axis, somewhat 
similar to the type-II Dirac cone.10-12 However, Figure 3f illustrates that, along the kx 
direction, the crossing point is a contact of two quadratic bands rather than linear 
bands. Therefore, this is a tilted semi-Dirac cone, which represents a kind of new 
fermions never been observed in other structures. According to the time reversal or 
inversion symmetry, there are two tilted semi-Dirac cones distributing at the sides of 
the first BZ (see the circles in Figure 3c). 
To explore the origin of the exotic band crossings, we calculated the projected 
density of state (PDOS) (Figure 3b). Clearly the electron states around the Fermi level 
are attributed by different orbitals in Bh and Br atoms. For Bh atoms, almost only pz 
orbital has contributions to the states, while for Br atoms, all the p orbitals (px, py and 
pz) have significant contributions. Such orbital contributions are also reflected in the 
computed band structure (Figure 3a). It is known that, in graphene, the two crossing 
linear bands both come from pz orbitals. In contrast, in hr-sB sheet, the two crossing 
bands come from different orbitals in different atoms. The band D2 is from pz orbital 
of Bh atom, while the other band D1 is from px/y orbital of Br atom.  
To compare the states in the two bands, we plotted the charge densities of states 
in bands D1 and D2 around the Fermi level in Figure 4. For the D1 state, the px/y 
orbitals form σ bands along the rhombus stripes, while for the D2 state, the pz 
orbitals form π bands along the hexagon stripes. Because the orbital interactions 
between px/y orbitals of Br atoms and pz orbitals of Bh atoms are very weak, the two 
"stripe states" are almost isolated, in other words, there exists 1D channels for Dirac 
electrons in the rhombic and hexagonal stripes, respectively. The two bands, 
corresponding to the two 1D channels, cross together and form a Dirac point, which 
extends to a Dirac nodal line along the periodic direction perpendicular to the stripes. 
 
Figure 4. (a)-(d) Top and side views of charge densities for the states in the bands D1, 
D2, D3 and D4 around the Fermi level in Fig.3(a), respectively. 
The crossing point along X − M (Figure 3a) is induced by pz orbitals. The linear 
band D3 and flat band D4 are attributed by pz orbitals of Br and Bh atoms, respectively. 
Checking the charge densities of states in the two bands reveals that the electrons in 
the D4 state are localized on junction of two adjacent hexagons, indicating that the 
flat band is induced by localized state. The D3 state seems also like a localized state, 
whose electrons are mainly localized on the B dimers in the rhombus stripes. 
However, these dimers can be weakly linked by the hexagon stripes, such a weak 
linking forms an electron channel perpendicular to the stripes and results in the linear 
band. 
As mentioned above, the Dirac nodal lines are related to the isolated 1D channels 
in the rhombus and hexagon stripes. To further explain the mechanism of the 1D 
channels, we analyzed the chemical bonding patterns of hr-sB sheet by using the 
recently developed solid state Adaptive Natural Density Partitioning (SSAdNDP) 
method.13 Since each B atom has 3 valence electrons, thus there are 24 valence 
electrons in one unit cell. According to our computations, one unit cell contains two 
localized two-center-two-electron (2c-2e) σ bonds, six 3c-2e σ bonds, one 4c-2e σ 
bond, two 6c-2e π bonds, and one 7c-2e π bond, accounting for 24 electrons per unit 
cell (Figures 5(a-e)). These bonds can be categorized by three kinds: in the 
hexagon-stripe are four 3c-2e bonds, one 4c-2e bond, and one 7c-2e bond; in the 
rhombus stripe are two 3c-2e bonds; two 2c-2e bonds and two 6c-2e bonds 
connecting the hexagon and rhombus stripes to form the overall two-dimensional 
structure. Note that the bonding formations in the rhombus stripe are quite different 
from those in the hexagon stripe. Thus, the bond lengths in the two stripes are also 
quite different (Figures 5(f)). All the bond lengths in the rhombus stripe are smaller 
than 1.67 Å, while those in the hexagon stripe are larger than 1.67 Å. These 
significant differences result in the isolated 1D transport channels in the two stripes. 
 Figure 5. (a-e) Schematic of SSAdNDP chemical bonding patterns for hr-sB with 
occupation numbers (ONs). (f) Bond lengths of the monolayer sheet. 
Because only the pz orbital of Bh atoms and px/y/z orbitals of Br atoms contribute 
to the states around the Fermi level, we can use a tight-binding (TB) model based on 
these orbitals to describe the properties around the Fermi level, 
𝛨𝛨 = ∑ ∑ ε𝑖𝑖𝛼𝛼 +𝑖𝑖α ∑ ∑ 𝑡𝑡𝑖𝑖𝛼𝛼 ,𝑗𝑗𝛽𝛽𝛼𝛼𝑖𝑖𝛼𝛼† 𝛼𝛼𝑗𝑗𝛽𝛽𝑖𝑖 ,𝑗𝑗α,β              (1) 
where , {1,2,...,8}i j ∈  are sites of the eight atoms in the primitive cell, α,β ∈{𝑝𝑝𝑥𝑥 ,𝑝𝑝𝑦𝑦 , 𝑝𝑝z} are p oribitals, 𝑡𝑡𝑖𝑖𝛼𝛼 ,𝑗𝑗β is the hopping energy between orbital 𝛼𝛼 at site i 
and orbital 𝛽𝛽 at site j. We only study the nearest-neighbor hopping, thus only pz 
orbital of Bh atoms and px/y/z orbitals of Br atoms are considered. The hopping 
parameters t1 and t2 are used to describe the inner interactions of rhombus stripes, t4, t5 
and t6 describe the inner interactions of hexagon stripes, while t3 describes the 
interactions between stripes (Figure 1).  
Figures 6 presents the tight-binding band structure for the hr-sB sheet, and Table 
2 lists the corresponding parameters of the hopping energies. Note that the band 
structures obtained by tight binding and DFT computations agree well. When the 
parameter t3 is changed from 0 to -1.3 eV, the variation has no effect on the Dirac 
nodal lines, but significantly affects the linear band D3 along X − M (see Figure S1 in 
the Supporting Information (SI)). This finding further proves that the Dirac nodal 
lines are related to the isolated channels in the stripes, while the tilted Dirac cones are 
related to the interaction between stripes.    
 
Figure 6. Comparison of band structures for DFT results (gray lines) and TB model in 
Eq. (1) (red dashed lines). 
 
 
 
 
 
 
Table 2: The values of hopping energies t1 ~ t6 between different atomic orbitals in 
hr-sB. The units of all parameters are eV.   
 
 
 
 
 
 
Our computations already demonstrated the high feasibility to synthesize hr-sB. 
However, which approach would be our first choice? Recently, Feng et. al 
successfully prepared β12- and χ3- sheets by epitaxial grwoth on a Ag (111) substrate, 
and the hr-sB is a planar boron sheet very similar to β12 and χ3. Thus, we explored the 
possibility to synthesize hr-sB on a Ag (111) substrate by applying an analogous 
experimental process. According to our computations, the lattice constants of a 1×3 
supercell of hr-sB are 𝑎𝑎′ = 2.91 Å and 𝑏𝑏′ = 25.13 Å, and those of a 1×5√3 
supercell of Ag (111) substrate are 𝑎𝑎′′ = 2.89 Å and 𝑏𝑏′′ = 25.00 Å. The mismatch 
between them are smaller than 1%. The adhesion energy between hr-sB sheet and a 
Ag (111) substrate (-0.131 eV/B) is comparable with those of β12 (-0.141 eV/B) and χ3 
(-0.116 eV/B) on a Ag (111) substrate (for more details, see Figure S2). Thus, it is 
rather optimistic for us to grow hr-sB on the Ag (111) substrate.  
 t1 t2 t3 t4 = t5 = t6 
pxpx 2.0 2.8 - - 
pypy 3.8 2.8 - - 
pxpy -2.0 -1.0 - - 
pzpz -1.8 -1.8 -1.3 -2.3 
On-site energy εpx =εpy=-3.5          εpz=2.3 
In addition, hr-sB sheet may be a good candidate for superconductor. Firstly, it 
has a large density of state around the Fermi level because of the flat band (Figure 3b). 
Secondly, there exist Dirac electrons in the sheet, corresponding to a large carrier 
mobility. Moreover, the Dirac points in the nodal lines distribute on the Fermi level up 
and down. The hole and electron pockets may be in favor of forming electron-hole 
pairs. Thirdly, boron is very light element. These parameters lead to a large 
electron-phonon coupling strength, according to λ =  𝑁𝑁(0)〈ℊ2〉
𝑀𝑀〈𝜔𝜔2〉
,49 where 𝑁𝑁(0) is the 
density of states at the Fermi level, 〈ℊ2〉is the average square of the electron-phonon 
matrix element, M is the mass, and 〈𝜔𝜔2〉 is averaged over the phonon spectrum. 
Therefore, the hr-sB sheet could be a good superconductor with high critical 
temperature.   
Conclusions 
We identified a new boron sheet, namely hr-sB, and investigated its electronic 
properties by first principles computations. The hr-sB monolayer consists of rhombus 
and hexagon strips with a hexagonal vacancy density η = 1/5. Interestingly, two 
types of Dirac electrons coexist in this nanosheet. One type is the electrons in the 
Dirac nodal lines traversing the whole BZ, whose velocities can approach 106 m/s. 
These electrons transport along 1D channels in the stripes. The other type is the 
electrons in the tilted semi-Dirac cones, where strong anisotropic electronic properties 
are observed. The unique electronic characteristics are originated from its special 
bonding patterns. Some clues also indicate that hr-sB may be a good superconductor. 
This newly predicted boron nanosheet has a cohesive energy comparable with the 
experimentally available δ6-, β12- and χ3- sheets, and also has outstanding dynamic 
and thermal stabilities, thus is highly feasible for experimental realization. To assist 
future experimental explorations, we proposed a promising approach to prepare hr-sB 
by epitaxial growth on a Ag (111) substrate.  
Our studies not only found a new monolayer boron sheet, but also revealed 
isolated Dirac channels and new Dirac fermions which have not been observed before. 
We hope that these studies will inspire experimental and theoretical studies on Dirac 
fermions and other quasi-particles, which will help further understand the chemical 
bonding in boron materials, and extend the applications of boron sheet to electronics.  
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